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Orientational dependence of the interfacial tension in the adhesive-sphere system
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We examine the orientational dependence of the solid-fluid interfacial free energy + in the
adhesive-sphere system. In the hard-sphere, or infinite temperature, limit the interfacial tension
is nearly isotropic with yo?/kT ~ 0.66 & 0.02. As the strength of the attractive interaction in this
model increases, v increases and the interface narrows, yet these values show little variation with fcc
low-index interface orientation. We also examine the higher-index fcc (211) and (311) interfaces and
find that they remain stable over the entire range of attraction strengths investigated, indicating,

but not verifying, a nonfaceted structure.

PACS number(s): 68.45.—v

I. INTRODUCTION

The adhesive-sphere model developed by Baxter [1] has
become an important theoretical system for studying the
influence of attractive strength on liquid and solid state
properties. This is due not only to the relative simplic-
ity of the model, but also to the rich phase behavior
it exhibits, including both fluid-fluid [2] and fluid-solid
equilibrium [3-6], as well as percolation behavior [7,8] at
high concentration. The versatility of this model is evi-
dent by its ability to describe the behavior of experimen-
tal systems such as colloidal silica grafted with octadecyl
groups in a number of nonaqueous solvents [9]. These
dispersions can be made to crystallize or gel at very high
volume fractions depending on the choice of solvent or
temperature. The similarity between the adhesive-sphere
and hard-sphere models has led to analytic expressions
for the liquid state properties [1,10] as a function of den-
sity and strength of attraction. The interaction potential
u(r) is described as

o, o<r<o
u(r)/kT = lim ¢ In [EI_(%:J_'_Z] , o <r<o (1)
o'—o
0, o<r,

where o is the hard-sphere diameter and 7 is a dimension-
less measure of the temperature. This equation reduces
to the hard-sphere interaction in the 7! — 0 limit.
Since the liquid state properties are available in an-
alytic form, this model is an ideal choice for studies,
such as investigations of the interface, that are limited
by their computational requirements. We have devel-
oped a density-functional approach known as the pla-
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nar weighted density approximation (PWDA) designed
to lower computational requirements for interfacial stud-
ies sufficiently to make investigation of model systems
such as hard spheres practical [11]. We used the adhesive-
sphere model and the PWDA [5] to investigate the influ-
ence of interaction strength on both the structure and en-
ergy of the interface between crystalline and amorphous
phases. In that work we limited ourselves to the dens-
est plane between liquid and equilibrium crystal, the fcc
(111) plane. The question arises as to whether the other
low-index planes show the same behavior and whether
one should expect anisotropy as the temperature is low-
ered in a model attractive system.

There has been relatively little investigation of the ori-
entational dependence of interfacial properties in solid-
fluid model systems because of the tremendous compu-
tational requirements of traditional interface approaches.
Using density-functional theory and the weighted density
approximation (WDA), Curtin [12] examined the hard-
sphere solid-fluid interface and found a nearly isotropic
surface free energy of vy4a*0?/kT = 0.66 £ 0.02 and
Y¥840%/kT = 0.63 £ 0.02. Our planar-averaged ap-
proach has been applied to another density-functional
formulation developed initially as the generalized ef-
fective liquid approximation (GELA) [13] and later
modified as LGELA [14]. This approach, known as
PGELA, when applied to the hard-sphere interface by
Kyrlidis and Brown [15], shows significant anisotropy
with yiSF* 402 /kT = 0.28, ¥5gFv402/kT = 0.30, and
VPEELAG2 /KT = 0.25. Another approach due to Ohne-
sorge, Lowen, and Wagner [16] begins with the WDA
but adds a minimization of the lattice variational pa-
rameters. These workers find {&'o?/kT = 0.35,
YoV o2 /KT = 0.26, and vy o2 /kT = 0.30, also showing
large anisotropy but relative magnitudes different than
those seen with the PGELA. The only other density-
functional study we are aware of is due to McMullen
and Oxtoby [17] who found a significantly higher, but
isotropic, interfacial free energy of vo2/kT = 1.7. For
comparison to these theoretical predictions the only
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simulation study available includes attractions and is
the molecular dynamics investigation of Broughton and
Gilmer [18]. These authors studied the interfacial free
energy in the Lennard-Jones system and found that
the crystal-melt interface at the triple point was nearly
isotropic with 'yiJua'lzj/e = 0.35 + 0.02, 'yﬁmafj/e =
0.34 £ 0.02, and 'yijmalzj/e = 0.36 £ 0.02, where € is the
well depth and o0;; the separation where the potential
equals zero.

One may expect, a priori, little orientational depen-
dence of the interfacial tension in hard spheres because
of its entropic nature [19]. It is clear from the studies
presented above, however, that there is little consensus
not only on the variation of the interfacial tension with
orientation but also on its absolute magnitude, proper-
ties that both strongly influence the equilibrium crystal
structure. From the work of Wulff [20] we know that the
relative values of the interfacial tension determine the
crystal shape, including facet size and stability. The ab-
solute magnitude of the interfacial tension, on the other
hand, is closely related to the roughening transition. This
transition describes that temperature at which thermal
motion overcomes interfacial energetics and induces a
formerly faceted crystal structure to roughen; crystals
grown at temperatures below the roughening transition
are faceted while those grown at higher temperatures are
not [21].

It is interesting, at this point, to present a crude esti-
mate of the state of roughening in the hard-sphere sys-
tem. Omne can estimate this point in the model of Jack-
son by equating thermal energy to the energetic cost
of creating an isolated lattice as kT = a2 [22], where
a is the lattice constant. Rearranging would suggest
v0%/kT < (a/0)? as the criterion for the existence of
a rough interface (yo2/kT < 0.4 for the hard-sphere
system). This crude estimate falls in the center of the
various predictions for v,, and near the experimental es-
timate of 0.55 [23]. From this, it would appear that in
the hard-sphere limit, the system may or may not be
roughened.

One additional feature of an interface above the rough-
ening transition is that the interfacial width should di-
verge [21]. As we have seen in the density-functional
work, however, the interfacial free energy in the hard-
sphere system has a well-defined minimum, indicating
that the hard-sphere system is nonroughened. From this
we may therefore expect faceted crystals in both the
adhesive-sphere system and its hard-sphere limit; how-
ever, the values we predict for +,, are relatively close to
the estimated transition value. One may need to increase
the attractive strength significantly, with its correspond-
ing increase in the interfacial tension [5], in order to ob-
serve a faceted interface. How, and if, this transition
will be manifest in the relative values of the interfacial
tension for the various interfaces is the subject of this
investigation.

II. THE PWDA

Briefly, the PWDA is a means of estimating the excess
free energy in any inhomogeneous system. It is aimed,
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however, specifically at systems whose bulk density varies
in one dimension such as found at the solid-fluid interface.
We approximate the excess free energy as the sum of local
free energies estimated with the fluid excess free energy
per particle v, evaluated at a planar weighted density p,

FEYoA[] = / drp(e)s(7(2)) )
with

J dzdyp(r) [ dr'p(r)w(r — r';p(2))
J dzdyp(r) '

Requiring the weighting function to be normalized and
the two particle direct correlation function ¢, to be re-
covered in the homogeneous limit through

p(z) = (3)

§?Fex/kT
ey g 0% Fex/RT 4
Co(r — 1’5 po) pllfﬁo dp(r)dp(r’) W

determines the excess free energy. We refer the reader
to previous publications [5,11] for solution details. What
remains now is a means of expressing the density distri-
bution through the solid-fluid interface. We follow Curtin
[12] who defined

p(r) = pi + (ps — p1) fo(2) + Z pst(z)eiG"'—Gz/‘la’
G

(5)
where
1a Izl < 2
fa(z) = { 31+ cos (m22)], 2 < |2| < zg¢ (6)
0, zg < Iz|

G are the reciprocal lattice vectors, z, is the position
of the solid-fluid interface boundary, Az is the interface
width, « is the particle localization, f,(z) = fg, (), and
Azg = (G1/G)¥Az. This allows us to specify an interfa-
cial profile dependent on the width Az and the Fourier
decay parameter v. The excess grand potential can be
expressed as

AQp(r)] = Flom)] e [ dep) + PV (1)

and must be minimized to find the equilibrium interfacial
energy and profile. To do this correctly we must minimize
AQ with respect to both v and Az for a given 7.

III. RESULTS AND DISCUSSION

We use the adhesive-sphere model system to study the
influence of attractions on interfacial properties by first
examining the hard-sphere limit. We then gradually in-
crease the attractive strength and calculate the structure
and energy of the resulting equilibrium interfaces. Pre-
vious studies [5,24,25] have shown that the fcc lattice is
the lowest energy crystal structure and we will therefore
look at various interfaces between this lattice and its co-
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existing equilibrium fluid.

In Fig. 1 we show the results of our calculations for
the hard-sphere limit at v = 0.0. The most apparent
feature is the similarity of the minima for the different
interfaces despite the difference in their structure. The
minima all occur at a value of approximately 0.8 kT'/o?
and at approximately three lattice planes for the fcc (111)
interface and five lattice planes for the fcc (110) interface.
Since the distance between planes ¢ is significantly dif-
ferent for the different interfaces, this suggests that we
should renormalize the data by the fcc lattice parameter
a = (4/p,)'/3 in order to properly compare their behav-
ior. We show the renormalized data in Fig. 2 where the
free energies of the various interfaces condense to a sin-
gle curve. This behavior is observed at all values of v
studied and indicates the strong dependence of the in-
terfacial free energy on interface width and the complete
lack of dependence on low-index orientation in the hard-
sphere system. In Fig. 3 we show the v and Az depen-
dence of the excess grand potential. After minimizing
with respect to both Az and v we find for the interfacial
tension in the hard-sphere (77! = 0) system values of
’)’1110’2/kT = 0.70 £+ 0.01, ’)’1000’2/kT = 0.70 &+ 001, and
11002 /kT = 0.70 £ 0.01.

We save significant computational effort in our calcu-
lations by using the MWDA [26] to determine the bulk
phase properties required as input in determining inter-
facial properties. To check the validity of this approach,
we have calculated bulk properties in the hard-sphere
system using each low-index interface and the PWDA
and find that all values for the coexisting densities agree
within 0.5%. When these bulk values from the PWDA
are now used to determine interfacial energetics we find
the slightly different, and predictably lower, values of
APEPAG2 JET = 0.68 % 0.01, v73PA02 /kT = 0.65 % 0.01,
and yP¥P402/kT = 0.66 £ 0.01. The slight anisotropy
shown here likely arises from the small differences in the
coexisting bulk properties determined for the various ori-
entations; however, the agreement is nonetheless quite
good and justifies the use of the MWDA in subsequent
calculations.

As we gradually increase the strength of attraction in

0.9+

AQGYAKT

0.8

4
AZ/d

FIG. 1. Excess grand potential as a function of interfacial
width at 7 = oo and v = 0.0 [®, fcc (111) interface with
8111 = a/V/3; O, fcc (100) interface with 8100 = a/2; ®, fcc
(110) interface with 6110 = a/\/g]‘
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FIG. 2. Data of Fig. 1 now normalized on the fcc lattice
parameter a.

the system by lowering 7, we observe a broadening in
the density gap between coexisting phases. This trans-
lates into both an increase in the interfacial free ener-
gies and a decrease in the thickness of all the inter-
faces studied as summarized in Table I. The surface
free energies are nearly identical as 7 is decreased but
begin to show a small amount of anisotropy under con-
ditions of the strongest attractions studied. The origin
of this anisotropy remains unclear as it does not appear
to directly correlate with the surface density p, where
0111 = 4/v3a?, p100 = 2/a?, and 110 = V/2/a?. One
thing to note is that the lowest tension corresponds to
that interface with the highest surface density suggesting
the importance of interplanar interactions in determining
interfacial tension. Unfortunately, we were unable to ex-
tend the calculation to lower T to determine whether this
anisotropy would become more pronounced.

We show in Fig. 4 the calculated interfacial free en-
ergies as a function of 7 and a prediction due to Turn-
bull [28], who found that one could correlate y with the
latent heat per unit area. We see that the agreement
between our calculated interfacial tensions and the pre-
dictions due to this empiricism is quite good, particularly
in the hard-sphere limit. As 7 decreases, however, this

1 Az

FIG. 3. The excess grand potential shown vs the interface
width Az and the Fourier decay parameter v in the hard
sphere (7 — oo) limit. Note the shallow minimum.
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TABLE I. Interfacial tensions v and widths Az for the low-index crystal face orientations at

various adhesive-sphere strengths 7.

T | YA a? kT Yol ra? kT 'yf(}zDAaz/kT] Az/a v

o’} 0.70 £0.01 0.70 £+0.01 0.70 +0.01 1.95 +0.05 0.33 £0.01

3 0.79 +£0.01 0.80 +£0.01 0.79 +0.01 1.80 +£0.05 0.26 +0.01

2 0.91 £0.01 0.92 £0.01 0.92 +0.01 1.60 +0.05 0.21 +0.01
1.7 [27} 1.01 +0.01 1.02 +0.01 1.03 £0.01 1.43 +0.05 0.16 £0.01
1.5 [27] 1.05 £+0.01 1.07 +0.01 1.09 £+0.01 1.30 +0.05 0.13 £+0.01

agreement worsens and anisotropy in the interfacial free
energy develops as noted above. These both occur at ap-
proximately that point in the phase diagram where the
differences between the coexisting solid and fluid phase
densities begins to grow (see [5]) resulting in a significant
growth in the latent heat. This indicates the strong cor-
relation between the interfacial tension and the heat of
the solid-fluid transition.

As noted previously, this technique simultaneously de-
termines interfacial structure along with the energetics.
As can be seen in Fig. 5, as the interaction strength is in-
creased the width of the interface decreases and, in fact,
becomes a bit sharper (the parameter v = 0.33 at 7 = oo
and decreases to v = 0.13 at 7 = 1.5). An interesting out-
come of these calculations is the orientational isotropy in
the interfacial width matching that of the interfacial ten-
sions. Though the number of lattice planes varies with
interface, the width, when scaled on the particle size, is
nearly constant at a given 7.

Ideally, to determine the equilibrium crystal shape we
would calculate () at all interaction strengths 7. This
would allow determination of both the state of faceting
and the roughening transition via a Wulff-type construc-
tion. Unfortunately, and despite the reduced dimen-
sionality inherent in our approximation, our approach
to determining interfacial properties still requires a great
deal of computational effort making such a calculation
impractical. We can, however, look at higher-index in-
terfaces and test their stability as a function of 7. We
know from a Wulff-type construction that the 211 inter-
face will be stable (that is not facet into a combination

1/t

FIG. 4. Interfacial tension shown vs interaction strength
7 [®, fcc (111) interface; O, fcc (100) interface; ®, fcc (110)
interface]. The line is a prediction based on the calculated
bulk phase properties and the empiricism of Turnbull.

of 100 and 111 interfaces) if v,,; < 0.388v100 +0.672y111.
Similarly for the 311 interface the stability condition is
Ya11 < 0.603v100 + 0.5227711;. Since we have seen for
the lower-index interfaces no difference in the interfacial
thickness Az and decay parameter v, we can lower com-
putational requirements significantly by assuming these
also hold for the higher-index interfaces. We list in Ta-
ble II the values we calculate where we see that these

(b)

FIG. 5. Planar-averaged structure variation [p(z)o® vs z/4]
of the (a) fcc (111) and (b) fcc (110) interfaces as a function
of T.
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TABLE II. Interfacial tensions of the higher-index inter-
faces.

™ ] YA /T AEWPA? /KT
[e’s) 0.70 +0.01 0.70 £0.01
3 0.80 +0.01 0.80 +0.01
2 0.91 £+0.01 0.91 £+0.01
1.7 0.99 £+0.01 1.01 £0.01
1.5 1.03 +£0.01 1.04 £0.01

higher-index surfaces are indeed quite stable for all inter-
action strengths studied. This indicates that the crystal
structure is nonfaceted though, as stated previously, to
determine this absolutely would require knowing ~y at all
orientations and interaction strengths.

This apparent lack of a transition from a spherical to a
faceted equilibrium crystal shape as the attractive inter-
actions in this system are increased may suggest that the
interaction potential must have range in order to have
a nonroughened, faceted equilibrium crystal structure.
One must be careful, however, in drawing this conclusion
since we are unable to reach attractions stronger than
those at a 7 of 1.5. Returning to the work of Broughton
and Gilmer on the Lennard-Jones system, they obtain
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nearly isotropic values for the interfacial free energy at
the triple point (7T* = 0.617). Equating virial coeffi-
cients [2] allows us to approximate an equivalent 7 via
Tequiv = 1 +2/T*, giving T.qu. ~ 0.2, a value significantly
lower than the lowest 7 investigated here.

Using density-functional theory and the PWDA we
have examined the orientational dependence of the in-
terfacial tension in the adhesive-sphere system. We have
investigated both low- and high-index surfaces of the
adhesive-sphere crystal and found a small amount of
anisotropy in the interfacial tension at the highest at-
traction strengths. For the interfaces studied here and
under the interaction strengths investigated we see no di-
rect evidence of faceting in the adhesive-sphere system.
To fully investigate this question will require determin-
ing v at all orientations and a technique that can access
a greater range of 7.
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